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MUSCL-type interpolationshows that the expansion shocks indeed
disappear and all of the schemes tested in this Note generate solu-
tions that are smooth and virtually identical to the analytical solu-
tion. This implies that it may be generallysafe to avoidan expansion
shock as long as higher than � rst-order MUSCL-type upwind dif-
ferencing is used.

IV. Conclusion
A numerical test case for the Euler equations is presented to exa-

mine the performance of several upwind schemes for satisfying the
entropy condition. The � rst-order upwind schemes of Roe,1 Van
Leer,2 Steger–Warming,15 and Van Leer–Hänel et al.3 and Liou’s
AUSM4 and AUSMC ,11 Edwards’s LDFSS,12;13 and a modi� ed
Zha–Bilgen6 scheme are tested. The numerical test indicates that,
similar to the Roe scheme, the Van Leer FVS scheme, the Van Leer–
Hänel scheme, and AUSM-type schemes do not satisfy the entropy
condition and allow expansion shocks at sonic point, when � rst-
order accurate discretizations are used. The Roe scheme, AUSM,
AUSMC , and Van Leer–Hänel scheme are not stable due to the
presence of the expansion shocks. The Van Leer scheme is stable
but yields a strong expansion shock. The FVS scheme of Steger–
Warming and themodi� edZha–Bilgen schemeyield a small jump at
the sonicpoint.The Edwards LDFSS(2) schemegives the smoothest
results at the sonic point with a very small glitch, when the coarse
grid is used. A re� ned mesh decreases the nonsmoothness of the
Steger–Warming scheme, the modi� ed Zha–Bilgen scheme, and the
Edwards LDFSS(2) scheme. When second-orderMUSCL interpo-
lations are used, all of the schemes obtain accurate results without
any expansion shock and nonsmoothness at sonic point. This may
imply that using higher than � rst-order spatial accuracy may gener-
ally avoid expansion shocks.
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Introduction

T HE analysis and control of mixing between two initially segre-
gated streams is of great interest for aerospace, industrial, and

environmental applications. A signi� cant example is the mixing
between two scalars seeded in two coaxial jets. Although the con-
� guration is apparently simple from the geometrical point of view,
the simultaneouspresenceof two shear layers leads to complex vor-
ticitydynamics,characterizedby nonlinearinteractionsbetween the
structures forming from the instabilities of the two jets. As mixing
is strictly connected with the vorticity dynamics, the mechanisms
leading to mixing are complex.

The wavelet cross-correlation analysis1 of the time signals of
scalar concentrations can be an effective tool to study the mixing
processes in this context. Indeed, this analysis permits the identi-
� cation of the frequencies and of the time intervals at which the
correlation between the � uctuations of the concentrations of the
two scalars is high and, hence, mixing is signi� cant. This technique
is applied here to the time signals of scalar concentrations deriv-
ing from axisymmetric direct numerical simulation of a coaxial jet
� ow. Because we know that three-dimensional mechanisms play
an important role even in the near � eld of coaxial jets, axisymmet-
ric simulations cannot provide a detailed realistic description of a
coaxial jet � ow. However, they are well suited to characterize the
capabilities of different processing techniques, which can be even-
tually applied also to three-dimensional simulations to analyze the
mixing mechanisms. Moreover, numerical simulation provides si-
multaneously the time evolution of scalar concentrationsand of the
vorticity � eld, so that the mixing processes can be connected to the
different events in the vorticity dynamics, such as roll up, passage,
and pairing of vortices. Finally, as shown in Ref. 1, the wavelet
cross-correlationanalysis, if applied to the velocity signals, gives a
clear description of the average and instantaneouscontributions to
the Reynolds stresses from the different events in the vorticity dy-
namics, which permits us to investigate if the events responsible for
mixing are the same giving signi� cant contribution to the Reynolds
stress. In particular, although in the simpli� ed context of axisym-
metric � ows, indicationsare given on the contributionof the roll up,
passage, and pairing of vortical structures to Reynolds stress and to
mixing between the two streams.
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Numerical Setup
As concerns the numerical simulation, the axisymmetric Navier–

Stokes equations in cylindrical coordinates (r , z) and in primitive
variables have been considered,2 together with the transport equa-
tions for two passive scalars. The numerical method is based on a
� nite difference scheme, second-order accurate in space and time;
details can be found in Refs. 2 and 3.

In the present simulations the ratio between the maximum veloc-
ity of the internal and the external jet is Uc=Ue D 0:67, and the ratio
between the internal and external radius is R=Re D 0:517. The inlet
concentration of the � rst scalar is 1 in the internal jet and 0 else-
where, and the other has a concentration at the inlet equal to unity
in the external jet and equal to 0 elsewhere. The Reynolds num-
ber, based on R and Uc, is equal to 1000. At the out� ow, radiative
boundaryconditionsare applied to each variable,2 which permit the
simulation of spatially evolving � ows. As concerns the external ra-
dial boundary,free-slipconditionsare assumed.The axial and radial
dimensionsof the computationaldomain are, respectively,16R and
10R. The dimensions of the domain in the present simulations are
large enough to avoid spurious effects of the boundary conditions
on the dynamics of the jet (see also Ref. 2). The computationalgrid
has 385 points uniformly spaced in the z direction and 305 in the
radial direction, with points clustered in high-shear regions.2 This
providesan adequate resolution,by checking the grid independency
of the results; the same evolution of the vorticity and scalar � elds
has beenobtainedin additionalsimulationscarriedout on gridswith
769 £ 305 and 385 £ 611 points, respectively. The results are not
presented here for the sake of brevity.

Wavelet Cross-Spectral Analysis
Let W f .s; ¿ / and Wg.s; ¿ / be, respectively,the continuouswave-

let transforms of two time signals f .t/ and g.t/; s is the inverse of
the scale, i.e., the scalenumber,1 which plays the same role as the fre-
quency in Fourier analysis,and ¿ is the translationparameter,corre-

a) t = 170

b) t = 220

Fig. 1 Vorticity isocontours.

sponding to the positionof the wavelet in the physicalspace. We de-
� ne the wavelet cross scalogram as W f g.s; ¿/ D W ¤

f .s; ¿ /Wg.s; ¿/,
where the superscript ¤ denotes the complex conjugate. If the anal-
ysis is carried out by means of a complex wavelet, as the Morlet
wavelet used herein,1 the cross scalogram is also complex and can
be written in terms of its real and imaginary parts, the coscalogram
CoW f g and the quad-scalogram QuadW f g , respectively. One can
see that1

1

¡1
f .t/g.t/ dt D 1

CÃ

1

0

1

¡1
CoW f g.s; ¿ / d¿ ds (1)

where CÃ is the wavelet admissibility constant. If the analysis is
applied to the time signals of the concentrations of the two pas-
sive scalars, the time intervals and scales at which the � uctuations
of the concentrations are correlated can be obtained. Because it is
reasonable to assume that high absolute values of the correlation
correspond to mixing, the time intervals and scales at which mixing
occurs can be identi� ed and connected to the vorticity dynamics.

Results and Discussion
Two typical vorticity � elds are shown in Fig. 1. The roll up of

the external jet occurs at an almost � xed location, around z=R D 4.
Although some instabilities of the internal shear layers appear, the
roll up of the external shear layer seems to dominate the dynamics
of the internal one, at least in the initial zone close to the jet outlet.

The analyzedsignalswere recordedduring the same simulationat
different locationsand consistedof 16,384samples,with a sampling
time coinciding with the time step of the calculation (1t D 0:01
R=Uc). The initial transient of the � ow development after the im-
pulsive start up has been excluded.The results of the wavelet cross-
correlationanalysisarepresentedat fewlocationsthat are signi� cant
with regard to the dynamics of vorticity and mixing.

The � rst considered location is at z=R D 6 and r=R D 0:96 and
corresponds to signi� cant values of both the correlation between
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a) Scalar concentrations at r/R = 0:96 and z/R = 6

b) Velocity components at r/R = 0:96 and z/R = 6

c) Velocity components at r/R = 1:6 and z/R = 6

d) Scalar concentrations at r/R = 0:3 and z/R = 10

Fig. 2 Wavelet coscalograms.

scalar� uctuations» 0
1»

0
2 and Reynoldsstressuv.The waveletcoscalo-

gram of the scalar concentration is shown in Fig. 2a. As already
discussed,high values of the wavelet coscalogramcoef� cients indi-
cate frequencies and time instants that contribute to the correlation
between the two signals. In all of the scalograms, the Strouhal num-
ber St D f R=Uc is used. The coscalogram of scalar concentration
signals, when it does not vanish, is always negative. Conversely,
the correlation between u and v can be either positive or negative,
dependingon the inclinationand sign of the vorticity layer; to make
the comparison easier, ¡jCoWuv j is reported in Fig. 2b. The two
scalograms are very similar; this means that, at the considered lo-
cation, the same events contribute both to the Reynolds stress and
to the mixing process. In both scalograms, signi� cant values are
observedfor Strouhal numbers ranging from St ’ 0:05 to 0.25. The
contributionof each frequencyis not constant in time. This behavior
can be connected with the dynamics of vorticity. At the considered
location the vortical structures formed from the roll up of the exter-
nal layer cause the stretching and the tilting of the internal vorticity
layer, yielding thus a signi� cant contribution to the Reynolds stress,
as shown also in Ref. 1, and to mixing. The variation of the domi-
nating frequencies is because of the dimensions of these structures.
Indeed, higher frequenciescorrespond to time instants in which the
rolled-up vortical structures are small (see, for instance, Fig. 1a).
Conversely, lower frequencies (around St D 0:11) are found when,
at the considered location, the stretching and the tilting of the shear
layer is caused by a large vortical structure already formed from the
roll up of the external shear layer, as shown for instance from the
vorticity � elds at t D 220 in Fig. 1b.

Let us consider now the position z=R D 6 and r=R D 1:6, which
corresponds to a very high value of uv and to negligible correlation
between the scalar � uctuations. The coscalogram of the velocity
components, shown in Fig. 2c, is qualitatively very similar to that
in Fig. 2b, but the values are globally higher. Indeed, at the consid-
ered radial location the vorticity layer is elongated and tilted by the

same events at r=R D 0:96, but, because it is in the external layer,
the intensity of the vorticity is higher, and this results in a larger
contribution to the Reynolds stress. Conversely,because the mixing
between the two scalars occurs mostly because of the stretching of
the internal layer between the two jets, no signi� cant contribution
to the coscalogramof the scalar concentrations(not shown here for
the sake of brevity) is found at this radial location.

Finally, we analyze the signals at z=R D 10 and r=R D 0:3, where
the correlation between the scalar � uctuations is high and uv is
negligible. The coscalogram of the scalar concentrations is shown
in Fig. 2d. As for Fig. 2a, signi� cant values are observed in almost
the whole time interval, and the dominant frequencies vary with
time. Nevertheless, most of the contribution to the coscalogram in
Fig. 2d arises from lower frequencies than in Fig. 2a. Indeed, at the
present axial location the mixing is mainly caused by the passage
of very large vortical structures just above, which stretch and move
the internal layer close to the axis, as can be seen, for instance,
from Fig. 1a. This situation does not signi� cantly contribute to uv
because the intensity of the vorticity is low and, furthermore, the
inclination of the layer is negligible.
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